Cooperative (co-op) advertising is attracting more and more attention. This paper analyzes co-op advertising behavior based on a dual-brand model with a single manufacturer and a single retailer, and some interesting conclusions are achieved. Firstly, the firm in the supply chain advertises both brands, and the difference of advertising expenditure is not very large in equilibrium. Secondly, the retailer's advertising and the manufacturer's participation ratios depend on both the retailer's and the manufacturer's marginal profits. Thirdly, the stimulating effect increases the advertising investment while the competition effect decreases it, but they have no effect on the manufacturer's participation ratio. Fourthly, co-op advertising is more sensitive to the manufacturer's marginal profits than those of the retailer. Lastly, total advertising investment and profit are greater under cooperative decision than under Stackelberg decision.
Introduction
Taking cooperative advertising as an example, the industrial firm becomes more dependent on its cooperative partners [1] . Co-op advertising is a practice in which the manufacturer pays his retailer some proportion of the expenditure of local advertising [2, 3] . Co-op advertising is a type of cost-sharing contracts to promote sales. The original justification of co-op advertising is the existence of advertising spillover between firms in the vertical supply chain. More and more supply chains take part in co-op advertising and, co-op advertising is often used in consumer goods industries [4, 5] . For example, Nagler [6] reported that the total co-op advertising expenditure doubled every two years from 900 million dollars in 1970 to 15 billion dollars in 2000. Based on Sen [7] and Dant and Berger [8] , 25%-40% of the manufacturers, such as General Electric, Apple, and IBM Corporation, invest in coop advertising with their retailers.
In practice, the manufacturer with co-op advertising contributes at least 50% of the advertising expenditure. Berger [9] claimed that generally the cost-sharing proportion between manufacturer and retailer is 50%-50%. Brennan [10] identified that IBM Corporation bears 50% of the co-op advertising cost with its retailer, while Apple Corporation's participation ratio is 75%. Bergen and John [11] showed that household appliances manufacturers pay 70% of the co-op advertising expenditure to their retailers.
Berger [9] initially addressed co-op advertising using a mathematical method. Subsequently, many people discussed it from different perspectives [2, 3, 5, [12] [13] [14] [15] . Yue et al. [16] , Xie and Wei [3] , He et al. [17] , and Viscolani [18] employed the dynamic model while Chintagunta and Jain [19] , Jørgensen et al. [2] , and Jørgensen et al. [20] used the static model to investigate co-op advertising. (Dynamic model has an advantage in analyzing long-term effect of advertising while static model makes it easy to study how the variation of parameter affects the equilibrium solution.) Based on Nerlove and Arrow's [21] goodwill model, Jørgensen et al. [2] and Jørgensen et al. [20] examined the phenomenon that consumer goods producers prefer to launch co-op advertising with their retailers. They classified advertising into short-term advertising and long-term advertising. Longterm advertising affects the goodwill, while short-term advertising only induces local sales. Huang and Li [4, 5] argued that manufacturers spend on both co-op advertising and brand name investment, but co-op advertising investment diminishes brand name expenditure. Both retailer's advertising expenditure and manufacturer's participation ratios are affected by their marginal profits. In co-op advertising, a manufacturer always dominates a retailer, but Huang et al. [5] declared that the retailer's market power is becoming stronger and stronger.
Karray and Zaccour [12] discussed co-op advertising with multiple products. (The retailer sells both the manufacturer's goods and its own brands. For example, Wal-Mart sells selfowned property brands, such as Great Value, Mainstays, and Simply Basic as well as other manufacturers' products.) In their study, a retailer is a collaborator as well as a competitor to the manufacturer, and the retailer's private brands hurt the manufacturer's profits. Interestingly, Alston et al. [22] addressed horizontal co-op advertising between beef market and pork market and declared that the beggar-thyneighbor effect (beggar-thy-neighbor effect is implicit when a substantial part of the benefits to the producers authorizing the program comes at the expense of the producers of competing commodities [22] ) lowers advertising expenditure while co-op advertising increases profits. By employing the competition effect, (since there are two retailers in the supply chain, the competition between the two retailers affects the manufacturer's strategy) Wang et al. [14] extended coop advertising behavior to one-manufacturer two-retailer system. In their model, the manufacturer invests both in local advertising and in national brand name advertising, but national brand name advertising reduces local advertising, and the manufacturer does not always support the retailer's local advertising. Zhang and Xie [15] claimed that national brand name advertising increases as the number of retailers increase, while Xie and Wei [3] declared that most of the prior studies assumed sales to be only affected by advertising and ignored the price. But in their research, they found that co-op advertising decreases product price and increases consumer welfare. Xie and Neyret [23] and He et al. [24] also employed a price model to investigate supply chain co-op advertising activity.
In summary, most of existent papers used single-manufacturer single-retailer single-brand or single-manufacturer dual-retailers single-brand model, and few of them considered the situation that the supply chain supplies dual/multiple substitute brands. But it is common for one manufacturer to produce two or more substitute brands simultaneously. (Procter & Gamble produces several kinds of shampoos, such as Rejoice, Head & Shoulders, Pantene, and Sassoon.) Stimulated by this phenomenon, this paper employs a dualbrand model with a single manufacturer and a single retailer to study co-op advertising and reaches some interesting conclusions. (It is easy to be expended to multiple-brand case). Assuming that the manufacturer supplies two substitute. (The substitute relationship of the two brands is reflected by the competition effect of co-op advertising, which means that the increase in advertising of one brand decreases the sales of the other brand) brands and launches co-op advertising with the retailer and co-op advertising has both the stimulating effect and the competition effect, (the stimulating effect means that co-op advertising increases the sale of the advertised brand, while the competition effect the implies advertising decreases the sale of the substitute brand) this study obtains the following conclusions. Firstly, co-op advertising promotes both the profit of the manufacturer and the profit of the retailer, but the gap between the advertising expenditure of different brands is smaller than a certain amount. Secondly, marginal profits of the manufacturer are more than half of the marginal profits of the retailer, or else the manufacturer has no incentive to share any advertising expenditure with its retailer. Besides, the stimulating effect promotes advertising while the competition effect inhibits it. Co-op advertising increases with the marginal profits of the manufacturer and the retailer, but it is more sensitive to the manufacturer's marginal profit than the retailer's. More interestingly, the participation ratio of the manufacturer has nothing to do with those effects of advertising. Finally, profits of both participants are higher in the cooperative situation than in the Stackelberg case.
The rest of this paper proceeds as follows. The basic model and assumptions are presented in the next section. The model is analyzed in Section 3, under both cooperative situation and Stackelberg situation. Then some concluding remarks are given in the last section.
Model and Assumptions
Assume that there are one manufacturer and one retailer in the supply chain, and they supply two substitute brands, denoted to brand ( = 1, 2) simultaneously. (The substitute of the two brands is represented by the competition effect of co-op advertising.) Advertising has two effects: stimulating effect and competition effect. The stimulating effect is the positive effect of co-op advertising, which means that advertising motivates the sales of the advertised brand while the competition effect is the negative effect of co-op advertising, which indicates advertising for one brand inhibits the sales of the other. The retailer determines that the co-op advertising expenditure while the manufacturer decides its best participation ratio. (This is a general assumption, and almost all other studies propose that assumption.) Then, a dual-brand model with a single manufacturer and a single retailer is established as follows.
The manufacturer solves the following problem:
while the retailer solves the following problem:
is a positive constant that represents the minimum sales of brand ( = 1, 2); without loss of generality, this paper assumes 1 = 2 = . (Minimum sale is the sale without advertising. And ( = 1, 2) has nothing to do with the equilibrium solutions, so we assume = = .) and are the total profits of the manufacturer and the retailer, respectively; and
Journal of Applied Mathematics 3 the marginal profits of the manufacturer and the retailer; , ( = 1, 2) are co-op advertising expenditure of the retailer and participation ratio of the manufacturer. is the stimulating effect parameter of advertising, while denotes the competition effect parameter. = means that the advertising impacts on the two brands are exactly the same, and ̸ = implies that the advertising impacts on the two brands are different. Before analyzing the model, this paper puts forward the following assumptions.
Assumptions.
We have the following assumptions:
Assumption (i) means that the stimulating effect is stronger than the competition effect and the advertising impacts on the two brands are difference. Assumption (ii) illustrates that the marginal profits different of the manufacturer (retailer) should not be too large. Combining assumptions (i) and (ii) yields assumption (iii). Furthermore, 
Model Analysis and Main Results
Many firms supply products without advertising, which means that it is not essential for firms in the supply chain to launch co-op advertising for both brands. Indeed, we reach Proposition 1.
Proposition 1. If the sale of brand 2 (or 1) is more than zero even without advertising, advertising expenditure for brand 1 (or 2) should be no more than
Proof. When 2 = 0, the profit from brand 2 is Proof. See the appendix.
Proposition 2 makes sure that functions (1) and (2) have unique optimal solutions. Usually, the manufacturer in the supply chain is dominant over the retailer [3, 12, 13, 15] . But as the power of the retailer increases, it acts as a cooperator to the manufacturer sometimes [5] . Accordingly, the model is analyzed henceforth under both the Stackelberg (leaderfollower) situation and the cooperative situation.
Stackelberg Situation
Substituting (3)- (4) into (1) yields the following solutions, which are the best participation ratios of the manufacturer:
From (5)- (6), we achieve Propositions 3 and 4. , the theoretical condition is rewritten as / > 1/2, which means that the marginal profit of the manufacturer should be at least 1/2 of the retailer's. Otherwise, the manufacturer has no incentive to take part in co-op advertising. And the empirical condition becomes / > 3/2, which illustrates that the manufacturer has more power than the retailer. (If > , the manufacturer can merge with the retailer to maximize its combined profit.)
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Proposition 4. (i) increases as increases and decreases as increases, (ii) increases as increases and decreases as increases, and (iii) is independent of and , ( , = 1, 2, ̸ = j).
Proof. See the appendix. Proposition 4 demonstrates that the participation ratio of the manufacturer is affected by the marginal profits of its own as well as the retailer's. Interestingly, the participation ratio of the manufacturer has nothing to do with co-op advertising effects. The reason for this is that, as the leader of the supply chain, the manufacturer's strategic action is independent of the behavior of the retailer, which means that the manufacturer's participation ratio does not depend on the retailer's advertising expenditure. So it is also independent of the effects of advertising.
Given the best participation ratio , ( = 1, 2), it is easy to get the rational co-op advertising expenditure of the retailer at the second stage. So substituting in (3) and (4) with (5)- (6), we reach the final expressions of * , ( = 1, 2) and achieve Propositions 5 and 6:
Proposition 5. (i) * increases (decreases) as ( ) increases, (ii) * increases (decreases) as ( ) increases, (iii) * increases (decreases) as ( ) increases, and (iv)
* increases as increases, ( , = 1, 2, ̸ = ).
Proof. See the appendix.
Comparing with Proposition 4, the retailer's co-op advertising expenditure is also determined by the marginal profits of the retailer as well as those of the manufacturer. But * decreases when increase. Furthermore, co-op advertising expenditure is also affected by the stimulating effect and the competition effect of advertising.
By Propositions 4 and 5, we find that the effects of advertising (including the stimulating effect and the competition effect) only affect the co-op advertising expenditure of the retailer but have no effect on the manufacturer's equilibrium participation ratio decision. Advertising has a spillover effect on the supply chain firms' profits, and the retailer acts as a cooperator as well as a competitor to the manufacturer. Besides, the difference in marginal profits between the manufacturer and the retailer should not be too large.
Proposition 6. Consider the following
Proof. Following the proof of Proposition 5, it is easy to
The proof of Proposition 6 is complete. Proposition 6 indicates that, compared with the retailer's, the manufacturer's marginal profit effects on advertising expenditure are stronger, which means that co-op advertising is more sensitive to the marginal profits of the manufacturer. Considering that > , both the net marginal profit effect of the manufacturer and that of the retailer on advertising are positive, and the manufacturer's net positive marginal profit effect on advertising is larger than the retailer's. In other words, the manufacturer in the supply chain has more incentive to expend on advertising, which provides an explanation for why manufacturers' participation ratios are always higher than 50%.
Total profits of the manufacturer and the retailer are denoted as and , respectively, if the supply chain advertises for both brands, and if it advertises for only one brand, and and if it advertises for none. Then, we acquire Proposition 7.
Proposition 7. The profits of the manufacturer and the retailer under different conditions satisfy the following relationships:
Advertising increases the profits of both the manufacturer and the retailer. So if the firms in the supply chain have no cash flow constraint, they always advertise for all their brands. We can find evidence in the reality. For example, Procter & Gamble always advertises all of its shampoo brands, such as Rejoice, Head & Shoulders, Pantene, and Sassoon, and all detergent brands, such as Tide, Lenor, and Ariel, at the same time. [4, 5, 14] claim that market power of superretailers, such as Wal-Mart, Carrefour, Suning, and Gome (Suning and Gome are the two biggest household appliance retailers in China), becomes stronger and stronger and they become the strategic partner of manufacturer. So, in this part, we analyze co-op advertising under the cooperative situation.
Cooperative Situation. Many researches
And the maximization problem for the supply chain under the cooperation situation is
The optimal equilibrium solutions are
The total profit of the manufacturer and the retailer under the Stackelberg situation is presented as follows:
Then, this study achieves Proposition 8. Proof. See the appendix.
Proposition 8 illustrates that the co-op advertising expenditure and the total profits under the cooperative situation are all more than those under the Stackelbreg situation. These conclusions are in accord with other investigations [5, 9, 16, 18] . More importantly, although the condition analyzed and the base model employed in this study are different from in other papers, we achieve the same conclusions as others, which means that the conclusions of Proposition 8 are robust. Proposition 8 also shows us that if the retail price of the retailer is fixed, cooperative decision heightens the social welfare.
Concluding Remarks
Advertising has strong spillover effect, and firms in the supply chain cannot acquire all the profits brought by advertising. So, more and more supply chain firms choose co-op advertising to improve sales. Stimulated by these phenomena, this paper employs a single-manufacturer single-retailer two-brand model to address co-op advertising. Different from other studies, this paper considers the phenomenon that the supply chain supplies two substitute brands simultaneously. Besides, this paper separates advertising effects into stimulating effect and competition effect. This paper achieves several interesting conclusions. Firstly, if the supply chain firms supply two (or multiple) substitute brands, the difference of total expenditure between the two (or multiple) brands should not be too large. Secondly, cooperative (co-op) advertising increases the total supply chain profits and advertising expenditure. More interestingly, although both the stimulating effect and the competition effect affect the retailer's advertising decision, they have no effect on the manufacturer's participation ratio decision. The manufacturer' marginal profit as well as the retailer's marginal profit affects both the manufacturer's and the retailer's behavior. Moreover, the manufacturer's marginal profit has more effect on the supply chain decision than the retailer's. The stimulating effect increases co-op advertising while the competition effect decreases co-op advertising.
Next, the study can extend to multiple brands or considers the effect of capital market, such as debt financing behavior, which will also complicate the analysis. These are our further studies.
Appendix
Proof of Proposition 2. The first-and second-order optimal conditions of (1) and (2) yield
Besides, we have 2 / 1 2 = 0, so function (2) is concave. Solving / = 0, we obtain *
Substituting (A.2) into function (1), we have
(1 − )
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It follows that function (1) is concave and the proof is complete. 
Proof of Proposition 3. If
* = 1 − (2( − )/(2( − )+( − ))) > 0 , ( , = 1, 2, ̸ = ), then 2( − ) − ( − ) > 0, and ( − )/( − ) > 1/2. Similarly, if * = 1 − (2( − )/(2( − ) + ( − ))) ≥ 1/2, then 2( − )−3( − ) > 0,
